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Abstract: Commonly, tabular aggregations involve hierarchical classifications (hierarchies) that follow a tree 
structure. Free hierarchies are more advanced. Then, each code can be specified as a formula involving other 
codes. Addition or union is specified by the plus sign and subtraction or compliment is specified by the minus 
sign. Statistics Norway’s modernized calculations of municipal accounts involve complicated free hierarchies. 
The intention was to do the computations by an implementation of the Validation and Transformation 
Language (VTL), but this approach turned out to be too inefficient. Instead, a general hierarchical computing 
method was implemented in R as the function HierarchyCompute in the package SSBtools. Hierarchies and 
crossed hierarchies are represented by sparse matrices according to the Matrix package. The aggregates are 
obtained by matrix multiplication. The matrix representation therefore makes it easy to see how each output 
code is calculated from the input codes. A spin-off from the general implementation is that hierarchy 
specifications, usual in statistical disclosure control software, can be managed. This has been utilized in the 
package SmallCountRounding, which can be used to protect frequency tables.

• R package SSBtools
• Function HierarchyCompute()
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• 6 dimensions 

◦ Year: 1 year. We look at one year at a time (year 2016)

◦ Region: 462 municipalities

◦ Account category: 2 categories (not on previous slide)  

◦ Accounting scope: 2 scopes 

◦ Function: 218 codes defined by a hierarchy

◦ Type: 208 codes defined by a hierarchy

• The challenge

Compute sum values for all 83,795,712 combinations (even if 90% of them are zero) from

◦ Input file with sum values for 790,527 combinations

- Only function and type codes from the lowest hierarchy level 

- Missing combinations in input has zero sum 

◦ Hierarchical specifications for function and type   

VTL turned 
out to be too 
inefficient
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These hierarchies are messy



formulas
Europe = EU + nonEU

EU = Portugal + Spain

nonEU = Iceland



mapsFrom mapsTo sign level

EU Europe 1 2

Portugal EU 1 1

Spain EU 1 1

nonEU Europe 1 2

Iceland nonEU 1 1

sdcTable
levels codes

@ Europe

@@ EU

@@@ Portugal

@@@ Spain

@@ nonEU

@@@ Iceland

tauArgus
EU

@Portugal

@Spain

nonEU

@Iceland

formulas
Europe = EU + nonEU

EU = Portugal + Spain

nonEU = Iceland

These are more general
• A tree structure not needed 
• Sign can be negative
• Free hierarchies



mapsFrom mapsTo sign level

Iceland Europe 1 1

Portugal Europe 1 1

Spain Europe 1 1

Iceland nonEU 1 1

Europe EU 1 2

nonEU EU -1 2

formulas
Europe = Iceland + Portugal + Spain

nonEU = Iceland

EU = Europe - nonEU



Iceland Portugal Spain

EU 0 1 1

nonEU 1 0 0

Europe 1 1 1

Iceland Portugal Spain

EU 0 1 1

nonEU 1 0 0

Europe 1 1 1

Iceland 1 0 0

Portugal 0 1 0

Spain 0 0 1

• First part of the computation process

◦ Input codes as columns. Found in mapsFrom level 1.

◦ Matrix created by a matrix multiplication for each level

◦ The levels can be found automatically  

• Both specifications below give same matrix

• Input codes can also be included as rows

◦ Parameter inputInOutput = TRUE
mapsFrom mapsTo sign level

Iceland Europe 1 1

Portugal Europe 1 1

Spain Europe 1 1

Iceland nonEU 1 1

Europe EU 1 2

nonEU EU -1 2

mapsFrom mapsTo sign level

EU Europe 1 2

Portugal EU 1 1

Spain EU 1 1

nonEU Europe 1 2

Iceland nonEU 1 1

Dummy hierarchy matrix  

FALSE

Iceland Portugal Spain

EU 0 1 1

nonEU 1 0 0

Europe 1 1 1



Iceland Portugal Spain

EU 0 1 1

nonEU 1 0 0

Europe 1 1 1

Iceland Portugal Spain

EU 0 1 1

nonEU 1 0 0

Europe 1 1 1

Iceland 1 0 0

Portugal 0 1 0

Spain 0 0 1

• First part of the computation process

◦ Input codes as columns. Found in mapsFrom level 1.

◦ Matrix created by a matrix multiplication for each level

◦ The levels can be found automatically  

• Both specifications below give same matrix

• Input codes can also be included as rows

◦ Parameter inputInOutput = TRUE
mapsFrom mapsTo sign level

Iceland Europe 1 1

Portugal Europe 1 1

Spain Europe 1 1

Iceland nonEU 1 1

Europe EU 1 2

nonEU EU -1 2

mapsFrom mapsTo sign level

EU Europe 1 2

Portugal EU 1 1

Spain EU 1 1

nonEU Europe 1 2

Iceland nonEU 1 1

Dummy hierarchy matrix  



Geographic 
hierarchy 

inputInOutput = FALSE

Age 
hierarchy 

inputInOutput = TRUE

mapsFrom mapsTo sign level

EU Europe 1 2

Portugal EU 1 1

Spain EU 1 1

nonEU Europe 1 2

Iceland nonEU 1 1

Iceland Portugal Spain

EU 0 1 1

nonEU 1 0 0

Europe 1 1 1

mapsFrom mapsTo sign level

young Total 1 1

old Total 1 1

young old

old 0 1

young 1 0

Total 1 1



age      geo 
young    Spain  
young  Iceland 
young Portugal 
old    Spain 
old  Iceland 
old Portugal 

value
66.9
1.8
11.6
120.3
1.5
20.2

mapsFrom mapsTo sign level

young Total 1 1

old Total 1 1

Input to
HierarchyCompute

inputInOutput = FALSE

mapsFrom mapsTo sign level

EU Europe 1 2

Portugal EU 1 1

Spain EU 1 1

nonEU Europe 1 2

Iceland nonEU 1 1

inputInOutput = TRUE



Computing aggregates by
HierarchyCompute

value
66.9
1.8
11.6
120.3
1.5
20.2

value
140.5
78.5
219.0
1.5
1.8
3.3

142.0
80.3
222.3

age    geo
old     EU

young     EU
Total     EU
old  nonEU

young  nonEU
Total  nonEU
old Europe

young Europe
Total Europe

> HierarchyCompute(z, list(age = 
ageHier, geo = geoHier), "value", 
inputInOutput = c(TRUE, FALSE))

age      geo 
young    Spain  
young  Iceland 
young Portugal 
old    Spain 
old  Iceland 
old Portugal 

> z

value
66.9
1.8
11.6
120.3
1.5
20.2



Computing aggregates by
HierarchyCompute

• Computed by matrix multiplication

• A model matrix (transposed)  

value
66.9
1.8
11.6
120.3
1.5
20.2

value
140.5
78.5
219.0
1.5
1.8
3.3

142.0
80.3
222.3

age    geo
old     EU

young     EU
Total     EU
old  nonEU

young  nonEU
Total  nonEU
old Europe

young Europe
Total Europe

> HierarchyCompute(z, list(age = 
ageHier, geo = geoHier), "value", 
inputInOutput = c(TRUE, FALSE))

age      geo 
young    Spain  
young  Iceland 
young Portugal 
old    Spain 
old  Iceland 
old Portugal 

> z

value
66.9
1.8
11.6
120.3
1.5
20.2

. . . 1 . 1
1 . 1 . . .
1 . 1 1 . 1
. . . . 1 .
. 1 . . . .
. 1 . . 1 .
. . . 1 1 1
1 1 1 . . .
1 1 1 1 1 1

×=



• The final model matrix is the result of crossing 
a separate model matrix for each hierarchy 

• Each is a dummy hierarchy matrix 
extended/replicated to match data

• Crossing by column-wise Kronecker product

◦ Function KhatriRao in the Matrix package 

Creating the model matrix
for the matrix multiplication  

1 . 1 1 . 1
. 1 . . 1 .
1 1 1 1 1 1

EU    
nonEU
Europe

old 
young
Total

. . . 1 1 1
1 1 1 . . .
1 1 1 1 1 1



> HierarchyCompute(x, list(age = ageHier, geo = geoHier,     
year = "rowFactor"), "value", inputInOutput = c(TRUE, FALSE))

age    geo year
old     EU 2014

young     EU 2014
Total     EU 2014
old  nonEU 2014

young  nonEU 2014
Total  nonEU 2014
old Europe 2014

young Europe 2014
Total Europe 2014
old     EU 2015

young     EU 2015
Total     EU 2015
old  nonEU 2015

young  nonEU 2015
Total  nonEU 2015
old Europe 2015

young Europe 2015
Total Europe 2015
old     EU 2016

young     EU 2016
Total     EU 2016
old  nonEU 2016

young  nonEU 2016
Total  nonEU 2016
old Europe 2016

young Europe 2016
Total Europe 2016

HierarchyCompute

Extended example 
• year is extra 

dimension without 
hierarchy 

◦ Just a factor

◦ Specified by "rowFactor" 

> x 
age      geo year

young    Spain 2014
young  Iceland 2014
young Portugal 2014
old    Spain 2014
old  Iceland 2014
old Portugal 2014

young    Spain 2015
young  Iceland 2015
young Portugal 2015
old    Spain 2015
old  Iceland 2015
old Portugal 2015

young    Spain 2016
young  Iceland 2016
young Portugal 2016
old    Spain 2016
old  Iceland 2016
old Portugal 2016

value
66.9
1.8
11.6
120.3
1.5
20.2
63.4
1.9
14.2
119.6
1.6
24.3
69.1
1.9
12.7
122.1
1.9
25.8

value
140.5
78.5
219.0
1.5
1.8
3.3

142.0
80.3
222.3
143.9
77.6
221.5
1.6
1.9
3.5

145.5
79.5
225.0
147.9
81.8
229.7
1.9
1.9
3.8

149.8
83.7
233.5

• Here 
◦ Two 

hierarchies and 
one factor 

• In general
◦ No limits



Computations behind the scenes 

. . . 1 . 1 . . . . . . . . . . . .
1 . 1 . . . . . . . . . . . . . . .
1 . 1 1 . 1 . . . . . . . . . . . .
. . . . 1 . . . . . . . . . . . . .
. 1 . . . . . . . . . . . . . . . .
. 1 . . 1 . . . . . . . . . . . . .
. . . 1 1 1 . . . . . . . . . . . .
1 1 1 . . . . . . . . . . . . . . .
1 1 1 1 1 1 . . . . . . . . . . . .
. . . . . . . . . 1 . 1 . . . . . .
. . . . . . 1 . 1 . . . . . . . . .
. . . . . . 1 . 1 1 . 1 . . . . . .
. . . . . . . . . . 1 . . . . . . .
. . . . . . . 1 . . . . . . . . . .
. . . . . . . 1 . . 1 . . . . . . .
. . . . . . . . . 1 1 1 . . . . . .
. . . . . . 1 1 1 . . . . . . . . .
. . . . . . 1 1 1 1 1 1 . . . . . .
. . . . . . . . . . . . . . . 1 . 1
. . . . . . . . . . . . 1 . 1 . . .
. . . . . . . . . . . . 1 . 1 1 . 1
. . . . . . . . . . . . . . . . 1 .
. . . . . . . . . . . . . 1 . . . .
. . . . . . . . . . . . . 1 . . 1 .
. . . . . . . . . . . . . . . 1 1 1
. . . . . . . . . . . . 1 1 1 . . .
. . . . . . . . . . . . 1 1 1 1 1 1

value
66.9
1.8
11.6
120.3
1.5
20.2
63.4
1.9
14.2
119.6
1.6
24.3
69.1
1.9
12.7
122.1
1.9
25.8

value
140.5
78.5
219.0
1.5
1.8
3.3

142.0
80.3
222.3
143.9
77.6
221.5
1.6
1.9
3.5

145.5
79.5
225.0
147.9
81.8
229.7
1.9
1.9
3.8

149.8
83.7
233.5

= ×



> HierarchyCompute(x, list(age = ageHier, geo = geoHier,     
year = "rowFactor"), "value", inputInOutput = c(TRUE, FALSE))

age    geo year
old     EU 2014

young     EU 2014
Total     EU 2014
old  nonEU 2014

young  nonEU 2014
Total  nonEU 2014
old Europe 2014

young Europe 2014
Total Europe 2014
old     EU 2015

young     EU 2015
Total     EU 2015
old  nonEU 2015

young  nonEU 2015
Total  nonEU 2015
old Europe 2015

young Europe 2015
Total Europe 2015
old     EU 2016

young     EU 2016
Total     EU 2016
old  nonEU 2016

young  nonEU 2016
Total  nonEU 2016
old Europe 2016

young Europe 2016
Total Europe 2016

HierarchyCompute

Extended example 
• year is extra 

dimension without 
hierarchy 

◦ Just a factor

◦ Specified by "rowFactor" 

- Same output 

- Column order can differ 

> x 
age      geo year

young    Spain 2014
young  Iceland 2014
young Portugal 2014
old    Spain 2014
old  Iceland 2014
old Portugal 2014

young    Spain 2015
young  Iceland 2015
young Portugal 2015
old    Spain 2015
old  Iceland 2015
old Portugal 2015

young    Spain 2016
young  Iceland 2016
young Portugal 2016
old    Spain 2016
old  Iceland 2016
old Portugal 2016

value

value
year = "colFactor"

"colFactor"

140.5
78.5
219.0
1.5
1.8
3.3

142.0
80.3
222.3
143.9
77.6
221.5
1.6
1.9
3.5

145.5
79.5
225.0

147.9
81.8
229.7
1.9
1.9
3.8

149.8
83.7
233.5

66.9
1.8
11.6
120.3
1.5
20.2
63.4
1.9
14.2
119.6

1.6
24.3
69.1
1.9
12.7

122.1
1.9
25.8

Change the 
specification of 
year from 
rowFactor to 
colFactor



Computations behind the scenes 
• Reorganizing to wider format can improve efficiency

• Use  output = "matrixComponents" to see the matrices 

= ×

2014  2015  20162014  2015  2016 . 1 1 . . .
. . . . 1 1
. 1 1 . 1 1
1 . . . . .
. . . 1 . .
1 . . 1 . .
1 1 1 . . .
. . . 1 1 1
1 1 1 1 1 1

140.5
78.5
219.0
1.5
1.8
3.3

142.0
80.3
222.3

143.9
77.6
221.5
1.6
1.9
3.5

145.5
79.5
225.0

147.9
81.8
229.7
1.9
1.9
3.8

149.8
83.7
233.5

66.9

1.8
11.6

120.3

1.5
20.2

63.4

1.9
14.2

119.6

1.6
24.3

69.1

1.9
12.7

122.1

1.9
25.8

Holes may occur 
• Because of 

incomplete input  
• Holes filled with 

zeros 



80 Million Challenge

• 6 dimensions 

◦ Year: 1 year. We look at one year at a time (year 2016)

◦ Region: 462 municipalities
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These hierarchies are messy

region = "colFactor"



Function hierarchy



Type hierarchy



80 Million Challenge

20 seconds computing time

• On my old laptop

• Of which 10 seconds to 
organize the matrix results 
in a data frame 



Extensions and spin-offs - after mission completed

• Computing selected combinations for output
◦ Parameters rowSelect, colSelect, select

• Handling of duplicates
◦ Parameter handleDuplicated

• “Two-way” computation
◦ Parameter colVar and function HierarchyCompute2()

• Model matrix as primary output and combining with formula
◦ Functions  Hierarchies2ModelMatrix() and  HierarchiesAndFormula2ModelMatrix()

• Allowing hierarchies specified in several ways  
◦ Function AutoHierarchies()

• Making use of model matrices within statistical disclosure control
◦ Package SmallCountRounding
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> Hierarchies2ModelMatrix(x, list(age = ageHier, geo = geoHier, year = ""), inputInOutput = c(TRUE, FALSE))
18 x 27 sparse Matrix of class "dgCMatrix"

[[ suppressing 27 column names ‘Total:Europe:2014’, ‘Total:Europe:2015’, ‘Total:Europe:2016’ ... ]]

[1,] 1 . . 1 . . . . . . . . . . . . . . 1 . . 1 . . . . .
[2,] 1 . . . . . 1 . . . . . . . . . . . 1 . . . . . 1 . .
[3,] 1 . . 1 . . . . . . . . . . . . . . 1 . . 1 . . . . .
[4,] 1 . . 1 . . . . . 1 . . 1 . . . . . . . . . . . . . .
[5,] 1 . . . . . 1 . . 1 . . . . . 1 . . . . . . . . . . .
[6,] 1 . . 1 . . . . . 1 . . 1 . . . . . . . . . . . . . .
[7,] . 1 . . 1 . . . . . . . . . . . . . . 1 . . 1 . . . .
[8,] . 1 . . . . . 1 . . . . . . . . . . . 1 . . . . . 1 .
[9,] . 1 . . 1 . . . . . . . . . . . . . . 1 . . 1 . . . .
[10,] . 1 . . 1 . . . . . 1 . . 1 . . . . . . . . . . . . .
[11,] . 1 . . . . . 1 . . 1 . . . . . 1 . . . . . . . . . .
[12,] . 1 . . 1 . . . . . 1 . . 1 . . . . . . . . . . . . .
[13,] . . 1 . . 1 . . . . . . . . . . . . . . 1 . . 1 . . .
[14,] . . 1 . . . . . 1 . . . . . . . . . . . 1 . . . . . 1
[15,] . . 1 . . 1 . . . . . . . . . . . . . . 1 . . 1 . . .
[16,] . . 1 . . 1 . . . . . 1 . . 1 . . . . . . . . . . . .
[17,] . . 1 . . . . 1 . . 1 . . . . . 1 . . . . . . . . .
[18,] . . 1 . . 1 . . . . . 1 . . 1 . . . . . . . . . . . .



Extensions and spin-offs - after mission completed

• Computing selected combinations for output
◦ Parameters rowSelect, colSelect, select

• Handling of duplicates
◦ Parameter handleDuplicated

• “Two-way” computation
◦ Parameter colVar and function HierarchyCompute2()

• Model matrix as primary output and combining with formula
◦ Functions  Hierarchies2ModelMatrix() and  HierarchiesAndFormula2ModelMatrix()

• Allowing hierarchies specified in several ways  
◦ Function AutoHierarchies()

• Making use of model matrices within statistical disclosure control
◦ Package SmallCountRounding

mapsFrom mapsTo sign level

EU Europe 1 2

Portugal EU 1 1

Spain EU 1 1

nonEU Europe 1 2

Iceland nonEU 1 1

formulas
Europe = EU + nonEU

EU = Portugal + Spain

nonEU = Iceland

sdcTable
levels codes

@ Europe

@@ EU

@@@ Portugal

@@@ Spain

@@ nonEU

@@@ Iceland

tauArgus
EU

@Portugal

@Spain

nonEU

@Iceland





Conclusion 
• Sparse matrix tools in the R package SSBtools

◦ Depends on R base package Matrix

• Main function HierarchyCompute()

• Other functions  

◦ Hierarchies2ModelMatrix() 

◦ HierarchiesAndFormula2ModelMatrix()

◦ AutoHierarchies()

◦ FindHierarchies()

◦ .


